In a previous paper [1] an Euler angle parameterization for SU(4) was given. Here we present the derivation of a generalized Euler angle parameterization for SU(N). The formula for the calculation of the Haar measure for SU(N) as well as its relation to Marinov's volume formula for SU(N) [2,3] will also be derived. As an example of this parameterization's usefulness, the density matrix parameterization and Haar measure for three qubit states and two three-state systems, also known as two qutrit systems [4], will also be given.
Introduction
The importance of group theory in understanding quantum mechanical processes has grown over the past 100 years as more and more physicists recognized that
The basic principles of quantum mechanics seem to require the postulation of a Lie algebra of observables and a representation of this algebra by skew-Hermitian operators on a Hilbert space [5] .
Today one finds applications of group theory in numerous research areas; from high-energy particle theory to experimental nano-scale physics. Any physical system that exhibits symmetries, or that can be thought of as Hermann indicated above, will have a group associated with it. In this paper we most concerned with representations of, and applications on, SU(N). This group shows up in numerous areas of study, most notably in numerical calculations concerning entanglement and other quantum information parameters. In order to assist in these numerical calculations, we have produced a parameterization of SU(N) that should offer some computational benefit.
We will begin this paper by deriving the a general Euler angle parameterization for SU(N). Afterward, a general equation for the differential volume element for SU(N) will be derived. Then we will show that this parameterization yields the familiar invariant volume element, otherwise known as the Haar measure, for SU(N) as derived by Marinov [2, 3] . Finally, the parameterization of N by N density matrices with regards to the general Euler angle parameterization for SU(N) will be derived. As an illustration of the usefulness of the parameterization, representations of three qubit and two qutrit states will be given.
Review: Euler Angle Parameterization From SU(2) To SU(4)
For a U∈SU(2) the Euler angle representation can be found in any good textbook on quantum mechanics or Lie algebras (see for example [6] [7] [8] )
For a U∈SU(3) the Euler angle parameterization was initially given in [9] and later in [10] U = e iλ3α1 e iλ2α2 e iλ3α3 e iλ5α4 e iλ3α5 e iλ2α6 e iλ3α7 e iλ8α8 .
For a U∈SU(4) the Euler angle parameterization was initially given in [1] U =e iλ3α1 e iλ2α2 e iλ3α3 e iλ5α4 e iλ3α5 e iλ10α6 e iλ3α7 e iλ2α8 × e iλ3α9 e iλ5α10 e iλ3α11 e iλ2α12 e iλ3α13 e iλ8α14 e iλ15α15 .
We would like to extend this work for a U∈SU(N).
Lie Algebra for SU(N)
From [6] we already know how to construct the λ i for arbitrary SU(N). 
which form N (N − 1) linearly independent matrices. 
for n = 2, 3, . . . , N .
By following this convention, N 2 − 1 traceless matrices can be generated. These matrices form a basis for the corresponding vector space and thus a representation of the SU(N) generators [6] . For example, for N=2 we generate the well-known Euler σ matrices (i, j ≤ 2, n = 2): 
σ 3 =λ 2 2 −1 = λ 3 = 2 2 2 − 2 1 0 0 −1
1 Georgi [11] also gives a method for constructing the N 2 − 1 λ i matrices for SU(N). 2 We follow the standard physics practice by using hermitian generators.
Deriving the Euler Angle Parameterization for SU(N)
By following the work of Biedenharn [9] and Hermann [5] we can now generate a Cartan decomposition of SU(N) for N>2. 3 First, we look at the N by N, hermitian, traceless, λ i matrices formulated in the previous section. This set is linearly independent and is the lowest dimensional faithful representation of the SU(N) Lie algebra. From these matrices we can then calculate their commutation relations
and by observation of the corresponding structure constants f ijk one can see the relationship in the algebra that can help generate the Cartan decomposition of SU(N) (shown for SU(3) in [9] and for SU(4) in [1] ). Knowledge of the structure constants allows us to define two subsets of the SU(N) group manifold hereafter known as K and P. From these subsets, there corresponds two subsets of the Lie algebra of SU(N), L(K) and L(P ), such that for
Given that we can decompose the SU(N) algebra into a semi-direct sum [12] 
we therefore have a decomposition of the group,
where U∈SU(N).
From [8] we know that L(K) is comprised of the generators of the SU(N-1) subalgebra of SU(N), thus K will be the SU(N-1) subgroup obtained by exponentiating this subalgebra, {λ 1 , . . . , λ (N −1) 2 −1 }, combined with λ N 2 −1 and thus can be written as (see [1, 9] for examples)
The reason for this will become apparent in the following discussion. 4 For example, for SU(4) we have L(K) = {λ 1 , λ 2 , . . . , λ 8 , λ 15 } and L(P ) = {λ 9 , λ 10 , . . . , λ 14 } [1] . By definition, L(K) and L(P ) do not have any elements in common. This means that for N=2, the second λ 1 element that is generated by this construction as an element of L(P ) must be discarded. Similarly, the undefined λ 0 element in L(K) must also be discarded. For N ≥ 3 one does not generate any duplications.
where [SU(N-1)] represents the (N − 1) 2 − 1 term Euler angle representation of the SU(N-1) subgroup. Now, as for P, of the 2(N − 1) elements in L(P ) we chose the λ 2 analogue, λ X SU (N ) , for SU(N) and write any element of P as
where K ′ is another copy of K and λ X SU (N ) is given by the N by N matrix
Unfortunately, at this point in our derivation, we have over parameterized U by 2N 2 − 6N + 5 elements
But, if we recall that U is a product of operators in SU(N), we can "remove the redundancies," i.e.' ' the first K ′ component as well as the N-1 Cartan subalgebra elements of SU(N) in the original K component, to arrive at the following product (again, see [1, 9] for examples)
By insisting that our parameterization must truthfully reproduce known vector and tensor transformations under SU(N), we can remove the last "redundancy," the final N 2 − 5N + 5 elements in K, 5 and, after rewriting the parameters, get:
This equation, effectively a recurrence relation for the Euler angle decomposition 5 For N=3, there are no redundancies. In fact, the -1, (3 2 − 5 * 3 − 5 = −1), that occurs here is a result of removing one too many Cartan subalgebra elements from the end of K in the previous step. For N=3, one must restore a Cartan subalgebra element, in this case e iλ 3 α 4 , back into its original position in the K component. For N > 3 this situation does not occur.
of SU(N), can be further rewritten into a more explicit, and therefore final, form
In this form, the important λ i matrices for equation (19) are
Notice that even though we restricted ourselves to N>2 for the Cartan decomposition, equation (19) is valid for N≥2. For our purposes it is enough to note that this parameterization is special unitary by construction and can be shown to cover the group by modifying the ranges that follow and substituting them into the parameterization of the characters [10] .
Procedure for Calculating the Haar Measure of SU(N)
Taking the Euler angle parameterization given by equation (19) we now develop the invariant volume element for the group. We can proceed using the method originally given in [13] and developed for SU(3) in [9] and for SU(4) in [1] ; take a generic U∈SU(N) and find the matrix
of left invariant one-forms, then wedge the N 2 − 1 linearly independent forms together. But due to the N 2 −1 independent parameters needed to parameterize SU(N), this method is unfortunately quite time consuming and thus prohibitive. An easier way, one initially given in [9] and used in [1] is to calculate the N 2 − 1 left invariant one-forms and to take the determinant of the matrix of their coefficients.
To begin, we take the transpose of U to generate
where
An observation of the components of our Lie algebra sub-set
shows that the transpose operation is equivalent to making the following substitutions
With this form in hand, we then take the partial derivative of u with respect to each of the N 2 − 1 parameters. In general, the differentiation will have the form
and
By using these equations and the Campbell-Baker-Hausdorff relation,
we are able to consecutively solve equation (27) for l = {N 2 − 1, . . . , 1}, leading to linear combinations of the N 2 − 1 Lie algebra elements with coefficients given by sines and cosines of the parameters involved.
From this procedure, N 2 − 1 different N by N matrices will be generated, each having the following decomposition
wherein the c lj 's are some combination of sines and cosines of the parameters and the λ j 's are from section 3. Now the coefficients c lj 's are the elements of the determinant in question. They are found by evaluating the following trace [6] 
The index l corresponds to the specific α parameter, the j corresponds to the specific element of the algebra. Both the l and j indices run from N 2 − 1 to 1.
The determinant of this N 2 − 1 by N 2 − 1 matrix yields the differential volume element dV SU(N ) that, when integrated over the correct values for the ranges of the parameters and multiplied by a derivable normalization constant, yields the Haar measure for the group.
The full N 2 − 1 by
. . , 1}, can be done, or one can notice that the matrix can be written as
which differs only by an overall sign from Det[c kj ] above, but yields a quasi-block form that generates
In this form, R corresponds to the (N −1)
2 by 2(N − 1) matrix whose elements are all zero. Now the interchange of two columns of a N by N matrix yields a change in sign of the corresponding determinant. But by moving 2(N − 1) columns at once, the sign of the determinant does not change, and thus one may generate a new matrix which is now block diagonal
Thus, the full determinant is just equal to the determinant of the diagonal blocks, one of which is already known. So only the determinant of the 2(N − 1) by 2(N − 1) sub-matrix T,
is needed. Therefore the differential volume element for SU(N) is nothing more than
This is determined up to normalization (explained in detail in Appendix A). Integration over the N 2 − 1 parameter space and comparison with the volumes obtained by Marinov [3] gives the normalized volume element (for N ≥ 2)
6 Example: SU(5) Parameterization and Haar Measure
Let U ∈ SU(5). Following the methodology developed in the previous section, the Euler angle parameterization for SU(5) can be seen to be given by
Expansion yields
The j(m) values are
and the A(k, j(m)) components are 
with a differential volume element of
and where Det[T ] is an 8 by 8 matrix composed of the following elements
which when calculated yields
Explicit calculation of the invariant volume element for SU(5) can be done by using equations (38), (39) and the material from Appendix A. From this one generates
which is in agreement with the volume obtained by Marinov [3] . It should be noted that in calculating V (SU (5)/Z 5 ) one must use the following ranges of integration from Appendix A and expressed in equation (38) as V ′ :
Note that these ranges do not cover the group SU(5), but rather SU (5)/Z 5 . The covering ranges for SU (5), following the work in Appendix B, are as follows
7 Generalized Differential Volume Element for SU(N)
Let us now quickly review the differential volume element kernels for the first few SU(N) groups (here rewritten in the order of the parameterization of the group):
A pattern is emerging with regard to the trigonometric components of the differential volume element. For example, when one looks at the parameterization of the group and matches the trigonometric function in the differential volume element kernel with its corresponding e iλ2αm component, one sees sin(2α m ) terms showing up. It is plain to see then that, in general, the differential volume kernel is made up of trigonometric functions that correspond to group elements that are of the form e iλ (k−1) 2 +1 α 2(k−1)+j(m) and where j(m) is given in equation (19). Therefore, there should be a general expression for the differential volume element kernel for SU(N) that can be written down via inspection of the Euler angle parameterization. We shall now show that this is indeed true, and give the methodology for writing down the differential volume element kernel for SU(N). We will also show that this procedure, after integration, yields Marinov's volume formula for SU(N).
To begin, let us take a look at the differential volume elements and their corresponding parameterizations for SU(3) and SU (4) . From the parameterization originally given in [9] for SU(3) we see that the e iλ5α4 term contributes to the cos(α 4 ) sin(α 4 )
3 term in equation (53). Yet in the parameterization for SU(4), originally given in [1] , the first e iλ5α4 term yields not cos(α 4 ) sin(α 4 ) 3 but rather cos(α 4 ) 3 sin(α 4 ). It is the second installment of λ 5 in the parameterization for SU(4), which can be seen to occur because of equation (18), which gives us the cos(α 4 ) sin(α 4 ) 3 term. For completeness, we should note that the cos(α 6 ) sin(α 6 ) 5 term in the differential volume element for SU(4) comes from the e iλ10α6 term in the parameterization. When we now look at the differential volume element and corresponding parameterization for SU (5), we see the following relationships
By combining all these observations from the parameterizations and differential volume element kernels for SU (2) to SU (5) we can see that the following pattern is evident
relating the A(k) term of the recurrence relation given in equation (18) 
for N ≥ m ≥ 2. Using this result, combined with the knowledge that only these parameters contribute to the integrated kernel in dV SU(N ) , we are able to write the following product relation for the kernel of the differential volume element of SU(N)
and j(m) is from equation (19).
8 Example: SU(6) Haar Measure Calculation
As proof of the validity of equation (60) we shall use it to write down the differential volume element for SU (6) . Observation of equation (37) tells us that dV SU(6) is dependent on the differential volume elements of SU(5), SU(4), SU(3), and SU(2). Thus, in the process of writing down dV SU(6) we will not only confirm the calculated differential volume elements for the previous four SU(N) (N=5,4,3,2) groups, but we will also be able to give the functional form of Det[T ] in equation (37) for SU(6) without having to formally calculate the 10 by 10 determinant. So, for N=6, equations (60) and (19) yield
Ker(k, j(m)) ,
Which when expand gives
Ker(k, j(2)) = (Ker(2, j(6))Ker(3, j(6))Ker(4, j(6))Ker(5, j(6))Ker(6, j(6))) × (Ker(2, j(5))Ker(3, j(5))Ker(4, j(5))Ker(5, j(5))) × (Ker(2, j(4))Ker(3, j(4))Ker(4, j(4))) 
and the Ker(k, j(m)) components are Ker(2, j(6)) = sin(2α 2 ),
Ker(4, j(6)) = cos(α 6 ) 5 sin(α 6 ),
Ker(6, j(6)) = cos(α 10 ) sin(α 10 ) 9 , Ker(2, j(5)) = sin(2α 2+10 ) = sin(2α 12 ),
Ker(2, j(4)) = sin(2α 2+18 ) = sin(2α 20 ), 
Comparison of the above kernel with those from equations (52), (53), (54), and (55) confirms that equation (60) does correctly yield the differential volume element for SU(N). As added proof, integration of K SU(6) using equations (38) and (39) combined with the following ranges (the general derivation of which can be found in Appendix A)
yields
which is in agreement with the volume obtained by Marinov [3] .
Generalized Haar Measure for SU(N)
In looking at equations (38) and (60) we see that under this Euler angle parameterization for SU(N) the calculation of the Haar measure is simply a matter of successive integrations of sines and cosines, multiplied by some power of π and a normalization constant. Therefore it stands to reason that with the derivation of a generalized form for the differential volume element of SU(N), there should be a corresponding generalized form for the volume element, and thus the Haar measure, for SU(N). It is to this derivation that we now focus our attention. We begin by noticing that in our Euler angle parameterization we have a total of N 2 − 1 parameters, of which the final N − 1 are the Cartan subalgebra elements for SU(N), thus leaving N (N − 1) elements evenly split between the λ (k−1) 2 +1 and λ 3 parameters (for 2 ≤ k ≤ N ). Rewriting this observation using equation (19) we see
Examination of equations (59) and (60) shows that the N −1 Cartan subalgebra elements and the N (N − 1)/2 λ 3 elements do not contribute to the integrated kernel, but their corresponding parameters are integrated over. Expanding on the general results from Appendix A, we see that we can use the following ranges to calculate the Haar measure for SU(N)
From these ranges, it becomes apparent that each λ 3 element contributes a factor of π to the total integration of the differential volume element over the N 2 − 1 parameter space while each of the N −1 Cartan subalgebra elements contributes not only a factor of π but a multiplicative constant as well. Explicitly
from the N-1 Cartan subalgebra components.
We now focus our attention on the integration of the differential volume element kernel given in equation (60). Examination of the Ker(k, j(m)) term combined with the previously given ranges, yields the following three integrals to be evaluated
and where, again, j(m) is from equation (19). The first integral is equal to 1, and the other two can be solved by using the following integral solution from Dwight's "Tables of Integrals and Other Mathematical Data"
where Γ(x) is the standard Gamma function with the following properties
Thus when p = 1 and q = 2k − 3 we get
and when p = 2m − 3 and q = 1 we get
From this work we can see that with regards to the integration of the Ker(k, j(m)) terms in equation (60) their contribution to the overall calculated volume element is
and where
Substituting this result as well as equations (71), (72), and (59) into equation (38) yields
This expression can be simplified by observing that
and, through the usage of equation (79),
By substituting these results back into equation (80) we get
which is just Marinov's initial formulation of the volume of SU(N) [2, 3] . This is an important result, for it shows that the overall generalized Euler angle parameterization of SU(N) gives results that are consistent with previously scrutinized work which used a completely different methodology to derive the invariant volume of SU(N).
N by N Density Matrix Parameterization
We now turn out attention to the parameterization of N by N density matrices. We state that one may parameterize any N by N density matrix as
where ρ d is the diagonalized density matrix which corresponds to the eigenvalues of the (N-1)-sphere, S N −1 ,
and U is from equation (19) . Throughout the rest of the paper, ρ d will be parameterized by the following set of quantities [1, [14] [15] [16] .
For example, for the density matrix of two qubits U is given by equation (3) and ρ d is given by
and the one-quarter normalization of 1l 4 keeps the trace of ρ d in this form still unity.
Example: Haar Measure and Density Matrices for Three Qubit and Two Qutrit States
Using the formalism we have now established, it is quite easy to write down the Haar measure for SU (8) and SU (9), as well as the 8 by 8 and 9 by 9 dimensional density matrices, that correspond to three qubit and two qutrit states.
Case 1, Three qubit states
Here, three qubits interact, thus yielding a 8-dimensional Hilbert space which needs to be parameterized. Using equations (19), (84), and (87) we arrive at the following formula for the density matrix of the three qubit system: 
From Appendix A and equation (86) we know that the ranges for the quotient group SU (8)/Z 8 and the ρ d parameters are
and from equation (83) the Haar measure for the three qubit system is
Case 2, Two Qutrits
Here, two qutrits (two three-state systems) interact, thus yielding a 9-dimensional Hilbert space which needs to be parameterized. Using equations (19), (84), and (87) we arrive at the following formula for the density matrix for two qutrits: × e −iλ10α6 e −iλ3α5 e −iλ5α4 e −iλ3α3 e −iλ2α2 e −iλ3α1 , where the convex sets, sub-sets, and overall set boundaries of separable and entangled qubit, qutrit, and N-trit systems without having to make any initial restrictions as to the type of parameterization and density matrix in question. We have also been able to use this parameterization as an independent verification to Marinov's SU(N) volume calculation.
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Appendix A : Haar Measure Normalization Calculations
Before integrating dV SU(N ) we need some group theory. We begin with a digression [7, 17] concerning the center of a group. If S is a subset of a group G, then the centralizer, C G (S) of S in G is defined by
For example, if S={y}, C(y) will be used instead of C({y}). Next, the centralizer of G in G is called the center of G and is denoted by Z(G) or Z.
Another way of writing this is
In other words, the center is the set of all elements z that commutes with all other elements in the group. Finally, the commutator [x,y] of two elements x and y of a group G is given by the equation
Now what we want to find is the number of elements in the center of SU(N) for N=2, 3, 4 and so on. Begin by defining the following
Therefore, the set of all matrices which comprise the center of SU(N), Z(SU(N)), is congruent to Z N since we know that if G is a finite linear group over a field F, then the set of matrices of the form Σc g g, where g ∈ G and c g ∈ F , forms a algebra (in fact, a ring) [8, 17] . For example, for SU(2) we would have
This would be the set of all 2 by 2 matrix elements such that the commutator relationship would yield the identity matrix multiplied by some non-zero coefficient. In general this can be written as
This is similar to the result from [7] , that shows that the center of the general linear group of real matrices, GL N (ℜ), is the group of scalar matrices, that is, those of the from ωI, where I is the identity element of the group and ω is some multiplicative constant. For SU(N), ωI is an N th root of unity. To begin our actual search for the normalization constant for our Haar measure, we first again look at the group SU (2) . For this group, every element can be written as a b −bā
where |a| 2 + |b| 2 = 1. Again, following [7] we can make the following parameterization
(108)
The elements (1,0,0,0) and (-1,0,0,0) are anti-podal points, or polar points if one pictures the group as a three-dimensional unit sphere in a 4-dimensional space parameterized by y, and thus comprise the elements for the center group of SU(2) (i.e. ±1l 2 ). Therefore the center of SU (2), Z 2 , is comprised of two elements; ±1l 2 . Now, in our parameterization, the general SU(2) elements are given by
with corresponding ranges
Integrating over the volume element dV SU(2) with the above ranges yields the volume of the group SU (2)/Z 2 . In other words, the SU(2) group with its two center elements removed. In order to get the full volume of the SU(2) group, all ones need to do is multiply the volume of SU (2)/Z 2 by the number of removed center elements; in this case two. This process can be extended to the SU(3) and SU(4) parameterizations. For SU(3) [9, 14, 15] (here recast as a component of the SU(4) parameterization derived in [1] )
Now, we get an initial factor of two from the D(α 11 , α 12 , α 13 ) component. We shall now proves that we get another factor of two from the e iλ3α9 e iλ5α10 component as well.
From the commutator relationships of the elements of the Lie algebra of SU(3) (see [9] for details) we see that {λ 3 , λ 4 , λ 5 , λ 8 } form a closed sub-algebra
Observation of the four λ matrices with respect to the Pauli spin matrices of SU (2) shows that λ 4 is the SU(3) analogue of σ 1 , λ 5 is the SU(3) analogue of σ 2 and λ 8 is the SU(3) analogue of σ 3
Thus one may use either {λ 3 , λ 5 } or {λ 3 , λ 5 , λ 8 } to generate an SU(2) subgroup of SU(3). The volume of this SU(2) subgroup of SU(3) must be equal to the volume of the general SU(2) group; 2π 2 . If we demand that any element of the SU(2) subgroup of SU(3) have similar ranges as its SU (2) analogue 10 , then a multiplicative factor of 2 is required for the e iλ3α9 e iλ5α10 component.
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Finally, SU(3) has a Z 3 whose elements have the generic form
9 Georgi [11] has stated that λ 2 , λ 5 , and λ 7 generate an SU(2) sub-algebra of SU(3). This fact can be seen in the commutator relationships between these three λ matrices contained in [1] or in [9] . 10 This requires a normalization factor of
on the maximal range of λ 8 that is explained by the removal of the Z 3 elements of SU(3).
11 When calculating this volume element, it is important to remember that the closed subalgebra being used is SU (2) ⊗ U (1) and therefore the integrated kernel, be it derived either from e iλ 3 α e iλ 5 β e iλ 3 γ or e iλ 3 α e iλ 5 β e iλ 8 γ , will require contributions from both the SU(2) and U(1) elements. 
which are the three cube roots of unity. Combining these SU(3) center elements, a total of three, with the 2 factors of 2 from the previous discussion, yields a total multiplication factor of 12. The volume of SU (3) is then
using the ranges given above for the general SU(2) elements, combined with 0
. Explicitly:
These are modifications of [9, 14, 15] and take into account the updated Marinov Haar measure values [3] . For SU(4) the process is similar to that used for SU(3), but now with two SU(2) subgroups to worry about. For a U∈SU(4), the derivation of which can be found in [1] , we see that,
Here, the two SU(2) sub-algebras in SU(4) that we are concerned with are {λ 3 , λ 4 , λ 5 , λ 8 , λ 15 } and {λ 3 , λ 9 , λ 10 , λ 8 , λ 15 }. Both of these SU (2)⊗U (1)⊗U (1) sub-algebras are represented in the parameterization of SU(4) as SU(2) subgroup elements, e iλ3α3 e iλ5α4 and e iλ3α5 e iλ10α6 . We can see that λ 10 is the SU(4) analogue of σ 2 12 and λ 15 is the SU(4) analogue to σ 3 13 . The demand that all SU(2) subgroups of SU(4) must have a volume equal to 2π 2 is equivalent to having the parameters of the associated elements of the SU(2) subgroup run through similar ranges as their SU(2) analogues.
14 As with SU(3), this 12 We have already discussed λ 5 in the previous section on SU (3) . 13 It is the SU(4) Cartan subalgebra element. 14 This requires a normalization factor of
on the maximal range of λ 15 that is explained by the removal of the Z 4 elements of SU(4). restriction yields an overall multiplicative factor of 4 from these two elements.
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Recalling that the SU(3) element yields a multiplicative factor of 12, all that remains is to determine the multiplicative factor equivalent to the removal of the SU(4) center, Z 4 .
The elements of the center of SU(4) are similar in form to the ones from SU(3);    
where η 
So we can see that Z 4 gives another factor of 4, which, when combined with the factor of 4 from the two SU(2) subgroups, and the factor of 12 from the SU(3) elements, gives a total multiplicative factor of 192. Thus, when we integrate the SU(4) differential volume element with the ranges given previously for the general SU(2) and SU(3) elements combined with the appropriate range for the λ 15 component (all combined below)
we get
This calculated volume for SU(4), the derivation of which can be found in [1] agrees with that from Marinov [3] . From this work, it is plain to see that in general, the ranges for the λ 3 , λ 2 analogues (recall equation (20)), and the remaining Cartan subalgebra components of the parameterization will take the following general form
for 2 ≤ k ≤ N . 16 Also, it is apparent that the elements of the center of SU(N) will have the form 
where η
thus yielding N elements in Z(SU(N)) and a corresponding multiplicative constant of N in the calculation of the Haar measure. Observation of the previous calculations of the invariant volume element for SU(2), SU(3), and SU(4) also indicates that the Euler angle parameterization for SU(N) yields (N − 2) SU(2) subgroups that require multiplication by two in order to satisfy the 2π 2 general SU(2) volume requirement. Therefore, if one defines the ranges given in equation (124) as V ′ , we see that the invariant volume element for SU(N) can be written as
since the differential volume element dV SU(N ) , given in (37), shows a reliance on the differential volume element of SU(N-1) and therefore on Ω N −1 .
Appendix B : Modified Parameter Ranges for Group Covering
In order to be complete, we list the modifications to the ranges given in Appendix A that affect a covering of SU(2), SU(3), SU(4), and SU(N) in general without jeopardizing the calculated Haar measures. To begin, in our parameterization, the general SU(2) elements are given by D(µ, ν, ξ) = e iλ3µ e iλ2ν e iλ3ξ , dV SU(2) = sin(2ν)dµdνdξ,
with the corresponding ranges for the volume of SU (2)/Z 2 given as 0 ≤ µ, ξ ≤ π,
In order to generate a covering of SU (2), the ξ parameter must be modified to take into account the uniqueness of the two central group elements, ±1l 2 , under spinor transformations. This modification is straightforward enough; ξ's range is multiplied by the number of central group elements in SU(2). The new ranges are thus
These ranges yield both a covering of SU(2), as well as the correct Haar measure for SU(2).
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One can also see this by looking at the values of the finite group elements under both sets of ranges. To do this, we first partition D(µ, ν, ξ) as D((µ, ν), ξ) = (e iλ3µ e iλ2ν )e iλ3ξ , 
instead of 2π -we see that we then get the same four fundamental forms, but now each only repeated twice 1l 2 =⇒ 2, 0 1 −1 0 =⇒ 2, −1l 2 =⇒ 2, 0 −1 1 0 =⇒ 2.
The greatest common divisor of the above list is, obviously, 2, which not only corresponds to the amount that the range of the ξ parameter was divided by, but also to the multiplicative factor of 2 that is required in the calculation of the invariant volume element when using the quotient group ranges. This may seem trivial, but let us now look at SU(3). For SU(3), here given as a component of the SU(4) parameterization, we know we have one SU(2) subgroup component (from Appendix A) as well as the SU(2) contribution D(µ, ν, ξ) here rewritten in terms of the SU(3) parameters α 11 , α 12 , and α 13 :
SU (3) = e iλ3α7 e iλ2α8 e iλ3α9 e iλ5α10 D(α 11 , α 12 , α 13 )e iλ8α14 .
Therefore the ranges of α 9 and α 13 should be modified just as ξ's was done in the previous discussion for SU (2) . 18 Remembering the discussion in Appendix A concerning the central group of SU(3), we can deduce that α 14 's ranges should be multiplied by a factor of 3. This yields the following ranges for SU(3) that can also be found in [9, 10, 14, 15] 0 ≤ α 7 , α 11 ≤ π, 0 ≤ α 8 , α 10 , α 12 ≤ π 2 , 0 ≤ α 9 , α 13 ≤ 2π,
These ranges yield both a covering of SU (3), as well as the correct Haar measure for SU (3) . For a U∈SU(4), we have two SU(2) subgroup components U = e iλ3α1 e iλ2α2 e iλ3α3 e iλ5α4 e iλ3α5 e iλ10α6 [SU (3)]e iλ15α15 .
As with the SU(2) subgroup ranges in SU(3), the ranges for α 3 and α 
These ranges yield both a covering of SU (4), as well as the correct Haar measure for SU (4) . In general we can see that by looking at SU (N )/Z N not only can we arrive at a parameterization of SU(N) with a logically derivable set of ranges that gives the correct Haar measure, but we can also show how those ranges can be modified to cover the entire group as well without any arbitrariness in assigning values to the parameters.
